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Abstract. The aim of this paper is to provide an alternative view on the term structure of 

interest rates in the light of game theory.  First, the pricing of short- and long-term interest 

rates is formulated as an oligopolistic price-setting game in the financial market.  Second, 

the equilibria in Bertrand and Stackelberg games are compared under a set of reasonable 

assumptions consistent with the distinctive features of the financial market.  Third and 

finally, short- and long-term interest rates and their optimization are analytically 

investigated by means of applying the equilibrium properties of these games.  The crucial 

roles of reaction function in forming the term structure are also emphasized. 

 

 

 
 
 
 

I.  

INTRODUCTION 
The term structure of interest rates, the question of how 

interest rates with different maturities are priced, is 

recognized as one of the fundamental issues in financial 

economics.  Though there is a vast amount of discussion on 

the issue, including (Sargent, 1972) and (Cox, Ingersoll & 

Ross, 1985) among leading studies, in almost all of the 

literature is the absence of reflection about its 

characteristics as an oligopolistic game with respect to 

maturities or terms. The present paper addresses these 

characteristics, which provide another way to study the 

issue in an alternative view.  More specifically, the paper  
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focuses on the term structure of interest rates as a price-

setting game, by means of applying the theories and 

concepts of Bertrand and Stackelberg games, originally 

developed by Cournot (1838), Bertrand (1883) and 

Stackelberg (1934) and more recently by Matsumura 

(1998), Okuguchi (1999), Vives (2001) and Puu & Sushko 

(2002) in the light of the paper’s concern, as well as 

Freixas & Jean-Charles (2008) and Matthews & Thompson 

(2008) as general description of the relationship between 

game equilibria and interest rates in banking.  Considering 

a financial market with short- and long-term funds, which 

are non-cooperative between themselves, the paper 

clarifies the conditions underlying the optimization of 

short- and long-term interest rates and grasps the effect of 

these conditions on the term structure of interest rates in 

view of the equilibrium properties of the price-setting 

games.  The following sections present the essence of the 
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paper’s model and the main results obtained from analysis 

using the model. 

 

The Price-Setting Games on Interest Rates 

(a) Payoff Function 

Let there be a financial market where short- and long-term 

funds are traded.  The terms of traded funds are identified 

by  ,t s l .  The payoff (profit) upon the funds of each term 

is given as: 

   , ,t t t t t tr r r y r r     , ,t s l  ; t  ,                 (1) 

where  0,tr    denotes the interest rate on fund with 

term t , and 2:ty R R   is the demand function for term t

fund.  
ty is assumed to be twice continuously 

differentiable. 

 

(b) Bertrand Game 

The interest rate upon the fund with each term  ,t s l  is 

determined such that the first order condition 

0t t
t t

t t

y
y r

r r

 
  

 
 ,t s l                                     (2) 

is satisfied.  In order that (2) holds, in the neighborhood of 

equilibrium 

0t

t

y

r





,                                                              (A3) 

where the “A” added ahead of the equation number refers 

to “assumption.”  The second order condition 
2 2

2 2
2 0t t t

t

t t t

y y
r

r r r

  
  

  
 ,t s l                              (A4) 

is assumed to be satisfied. Solving (2) with respect to 
tr , 

the reaction function of fund with term t  is obtained as: 

   
0

argmax ,
t

t t t t t
r

r r r y r r 


      , ,t s l  ; t  ,      (5) 

where 

 
2 2

2
2 0t t t t

t t t

t t t

y y y y
r r r

r r r r r


 


              
       

 

as
2

0t t
t

t

y y
r

r r r 

   
  

.                                                                 (6) 

At the Bertrand equilibrium, term t  interest rate B

tr  is 

specified as  B B

t tr r , where  , ,t s l  ; t  , and the 

payoff B

t  is 

 ,B B B

t t tr r   , ,t s l  ; t  .                           (7) 

As a common stability condition to ensure the existence 

and uniqueness of a set of equilibrium solutions, assume 

now that 

If    2,t r r R   , then  0 1t r  .    , ,t s l  ; t  .   (A8) 

 

(c) Stackelberg Game 

Under the Stackelberg structure, short-term interest rate is 

assumed to be determined by taking account of the 

reaction function of long-term rate, acting as the leader of 

price-setting game in the market.  In other words, short-

term interest rate provides itself as a reference rate for 

long-term rate.  Formally, short-term interest rate 

maximizes its payoff (profit)   ,s s s l sr r    with respect 

to itself. 

The first order condition to be satisfied is: 

  0s s s
s s l s

s s l

d y y
y r r

dr r r




  
    

  
.                          (9) 

Assume that the second order condition 

      
2 2 2 2
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l s s l s l s

s s l s s l l

d y y y y y
r r r r

dr r r r r r r


  

       
          
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(A10) 

holds. Hence the payoff (profit) on short-term fund is 

specified as 

       , , ,L L

s s s s s l s s s s l sr r r r y r r                 (11) 

which is strictly concave under the assumption (A10). At 

the Stackelberg equilibrium, short-term interest rate with 

the Stackelberg leadership, L

sr , is obtained as: 

 
0

argmax
s

L L

s s s
r

r r


 .                                            (12) 

On the other hand, long-term interest rate as the 

follower price in the game, F

lr , is determined by its 

reaction function: 

 F L

l l sr r .                                                      (13) 

 

The Equilibria in Bertrand and Stackelberg Games and 

Short and Long Term Interest Rates 

This section investigates how short- and long-term 

interest rates are determined in the market, and compares 

these rates in the light of the equilibrium properties of 

Bertrand and Stackelberg price-setting games. 

From (9), (A10), (11) and (12), obviously 

  0L L

s sr
  

 
.                                                     (14) 

Taking account of the first order condition for the Bertrand 

equilibrium (2), 

 

   L B B Bs
s s s l s

l

y
r r r

r
 

  
  

                                   (15) 
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is obtained.  Since (A10) holds,  L

s sr  is a strictly concave 

function, 

L B

s sr r    if     0L B

s sr
    

.                (16) 

Assuming identical demand function for short- and long-

term funds to advance the analysis, 

s l

s l

y y

r r

 


 
.                                     (A17) 

Here, the following two cases are possible according to 

the sign of ty

r




 (  , ,t s l  ; t  ): (I) Short- and long-term 

funds are substitutive ( 0ty

r





) or (II) complementary 

( 0ty

r





). 

 

(I)   0ty

r





    , ,t s l  ; t                           (18) 

Take the case that short- and long-term funds are 

substitutive.  From (15), (16) and (18) 
L B

s sr r    as     0B

l sr   .                     (19) 

Under the assumption of identical demand function, 
B B B

s lr r r  .                                    (20) 

from (2) and (A17).  (20) provides an essential benchmark 

for the model. On the benchmark of (20), in the light of 

(A8) and (19), 
B F L

l s

L B F

s l

r r r

r r r

  


 
   as     0l sr   .               (21) 

 

(II)   0ty

r





    , ,t s l  ; t                           (22) 

Next, the case that short- and long-term funds are 

complementary.  In the same way as the case of (18), from 

(15), (16) and (22), 
L B

s sr r    as     0B

l sr   .                     (23) 

Thus, 
L F B

s l

F B L

l s

r r r

r r r

  


 
   as     0l sr   .               (24) 

Let us summarize the analysis up to here.  Facing 

identical demand for short- and long-term funds, Bertrand 

short- and long-term interest rates provide a flat yield 

curve in the duopolistic financial market with respect to 

terms.  The Stackelberg structure between short- and long-

term interest rates generates the difference therein.  In the 

financial market where short- and long-term funds are 

substitutive, if short-term interest rate has the leadership 

in interest rate pricing and long-term rate moves in the 

same direction as short-term rate, short-term rate is 

higher than long-term rate.  The market thus has a 

downward-sloping (inverted) yield curve.  If long-term 

interest rate moves inversely, short-term rate is lower 

than long-term rate, forming an upward-sloping (normal) 

yield curve, which is always across the flat yield curve of 

the market.  On the other hand, in the market with 

complementary short- and long-term funds, if long-term 

rate moves in the same direction as short-term rate, short-

term rate is lower than long-term rate, and their yield 

curve slopes upward.  Otherwise, if long-term interest rate 

moves inversely to short-term rate, short-term interest 

rate is higher than long-term rate, providing a downward-

sloping yield curve, always across the flat yield curve in the 

market. 

 

Profit and Fund Volume under the Term Structure of 

Interest Rates 

This section compares the volumes of short- and long-term 

funds and profits on them at equilibria.  First examined are 

the equilibrium profits which are applicable to be accepted 

as profits gained from short- and long-term interest rates 

with the main patterns of the term structure. 

Taking account that  L

s sr  is a strictly concave function 

on (9) and (A10), from (14) and (15), 

         , , ,L L L F L L B B B B B B

s s s s l s s s s l l l sr r r r r r r r            (25) 

Regardless of the sign of  l sr  and ty

r




,    , ,t s l  ; t 

 Applying the mean value theorem, 

       

   

, ,

,

L F F L L F F Ls s
s s l s l s s l l s

s l

F L L F s s
s l s s l s

s l

r r r r r r r r
r r

y
r r r r r

r r

 
 




 
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 
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    
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      (26) 

and 

       

   

, ,

, .

F L B B F B L Bs s
s l s s s l l s s l

s l

B B L B s s
s s l s

s l

r r r r r r r r
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y
r r r r r
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 


 

 
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 

  
    

  

      (27) 

In the case of 0ty

r





, if   0l sr  , 0s

sr





 for any 

intermediate values between L

sr  and F

lr , in the light of (2), 

(A4) and B F L

l sr r r   in (21).  Thus, from (26), 

     , , ,L F L F L F L F

s s l s s l s l l s lr r r r r r              (28) 

is obtained.  (25) and (28) yield 
B L F

s l    .                                    (29)
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Meanwhile, if   0l sr  , 0s

sr





 for any intermediate 

values between F

lr  and Br , in the light of (2), (A4) and 

B F

lr r  in (21).  In view of (27), 

 ,F L F B

l l s lr r    ,                         (30) 

which coupled with (25) leads to 
F B L

l s    .                                    (31) 

On the other hand, in the case of 0ty

r





, from (2), (A4) and

L F B

s lr r r   or F B L

l sr r r   as the sign of  l sr  in (24), 

B L F

s l    ,   if   0l sr                 (32) 

and 
F B L

l s    ,   if   0l sr  ,               (33) 

by the same manner as (29) and (31). 

  

Thus, 
B L F

s l

F B L

l s

  

  

  


 
   as     0l sr      or   

2

0t t
t

t

y y
r

r r r 

   
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irrespective of the sign of ty

r




.                                            (34) 

Next, the volumes of short- and long-term funds at 

equilibria.  As mentioned above on the equilibrium profits, 

these equilibrium volumes are regarded as the volumes of 

short- and long-term funds under the term structure 

patterns. 

To obtain a unique set of equilibrium fund volumes, 

additional assumptions are required on demand functions.  

Hereafter this paper focuses on the simplest case where 

demand functions for short- and long-term funds are 

identical, being globally linear and symmetrical with 

respect to the two types of interest rates, without loss of 

methodological generality. 

Consider the two cases based on the sign of ty

r




 

(  , ,t s l  ; t  ) as in the third section. 

 

(I)   0ty

r





    , ,t s l  ; t                           (35) 

Using the mean value theorem, 
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and 
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       (38) 

Note that demand functions are assumed identical and 

linear.  If   0l sr  , then (36), (37) and (38), combined 

with (A3), (24) and (35), yield 

   , ,L F F L

s s l l l sy r r y r r ,   

       , , , ,L F B B B B B B

s s l s s l s ly r r y r r y r r y r r      and 

   , ,F L B B

l l s s s ly r r y r r .                     (39) 

In the same way, if   0l sr  , then 

   , ,L F F L

s s l l l sy r r y r r ,      , ,L F B B

s s l s s ly r r y r r    and   

   , ,F L B B

l l s s s ly r r y r r .                                                             (40) 

Combining these results, under (A3) and (35), 
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       

, , , ,

, , , ,

L F B B B B F L

s s l s l l l s

F L B B B B L F

l l s s l s s l

y r r y r r y r r y r r
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  0l sr      or   
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.                                              (41) 

 

(II)   0ty

r





    , ,t s l  ; t                           (42) 

In the same way as the case of (41), the following 

volumes are obtained: 
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2

0t t
t

t

y y
r

r r r 

   
  

.                                              (43) 

 

CONCLUSION 

This paper has provided a game-theoretic analysis of the 

term structure of interest rates, by means of applying the 

theories and concepts of Bertrand and Stackelberg price-

setting games.  In the paper, short- and long-term interest 

rates and their optimization have been investigated in the 

light of the equilibrium properties of these games.  The 

main results are given as (21) and (24) in the third section, 
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(34) in the fourth section, as well as (41) and (43) under 

identical, linear demand functions.  These sections have 

also emphasized the crucial roles of the reaction function 

of long-term interest rate. 
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