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This investigated the 􀅫low and heat transfer of two-dimensional biomagnetic 􀅫luid (blood) 􀅫low over a non-linear

stretching sheet in the presence of magnetic dipole. It is assumed that the magnetic 􀅫ield is suf􀅫iciently strong

enough to saturate the ferro􀅫luid, and a linear function of temperature difference can approximate variation of

magnetization with temperature. The 􀅫luid viscosity is assumed to vary as an inverse linear function of the tem-

perature. The governing boundary layer equations with boundary conditions are simpli􀅫ied to a couple of higher-

order equations using the usual transformation. Numerical solutions are obtained by using the bvp4c function

technique in MATLAB software. The acquired results are shown graphically and were examined for several val-

ues of the dimensionless parameters. It is observed that for different ferromagnetic interaction parameters and

variable viscosity parameters, the velocity distribution decreases while temperature distribution increases. The

magnitude of skin friction coef􀅫icient and the rate of heat transfer decrease with the increasing values of radiation

parameter and Prandtl number. The results are also compared for speci􀅫ic values of the parameters with others

documented in the literature.

© 2020 The Author(s). Published by TAF Publishing.

I. INTRODUCTION

A biomagnetic 􀅫luid is a 􀅫luid that exists in a living creature

and its 􀅫low is in􀅫luencedby thepresence of amagnetic 􀅫ield.

The most common example of biomagnetic 􀅫luid is blood.

Blood is also a magnetic 􀅫luid due to its complex interac-

tion of protein, cell membrane, and hemoglobin from iron

oxides. During the last decades extensive work has been

done on the dynamics of biological 􀅫luids in the presence of

magnetic 􀅫ield. Numerous applications have been proposed

in bio-engineering and medical sciences, such as: magnetic

devices development for cell separation, reducing bleeding

during surgeries, drug delivery usingmagnetic particles for

the treatment of cancer tumors, hyperthermia.

Biomagnetic Fluid Dynamics(BFD) [1, 2, 3, 4, 5] is a rela-

tively new area based on FHD and MHD investigating the

􀅫luid dynamics of biological 􀅫luids in the presence of mag-

netic 􀅫ields. The BFD model was 􀅫irst developed by Haik et

al. [1]. This model is based on the principle of FHD. Ander-

sson and Valnes [6] extended Cranes problem by studying

the in􀅫luence of the magnetic 􀅫ield due to amagnetic dipole,

on a shear driven motion of a viscous nonconducting fer-

ro􀅫luid. The 􀅫luid 􀅫low formulated as a 􀅫ive parameter prob-

lem, and the in􀅫luence of the magneto-thermo-mechanical

coupling explored numerically. It was concluded that the

primary Effect of the magnetic 􀅫ield was to decelerate the

􀅫luid motion as compared to the hydrodynamic case. In

their study, they also considered that magneto-thermo-

mechanical coupling is completely described by assuming

that the applied magnetic 􀅫ield is suf􀅫iciently strong to sat-

urate the ferro􀅫luid and the variation of magnetization M

with temperatureT canbeapproximatedby the linear equa-

tion of state M = K (Tc − T) Where Cranes [7] problem is
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one of the 􀅫low problem in the boundary layer theory that

possesses an exact solution. In Cranes problem the stretch-

ing velocity is linearly proportional to distance from the ori-

gin. Misra et al. [8] investigated the biomagnetic 􀅫luid 􀅫low

andheat transfer over a stretching sheet and considered the

􀅫luid's viscoelastic property.

In recent years, Murtaza et al. [9] investigated the Effect

of electrical conductivity andmagnetization on the biomag-

netic 􀅫luid 􀅫low over a stretching sheet. This model is based

on the both principles of MHD and FHD. They found that

the effect on the 􀅫low due to FHD is equally signi􀅫icant with

that ofMHDand consequently for this physical problemnei-

ther, the electrical conductivity and magnetization of blood

can be considered negligible. Ferdows et al. [10] ana-

lyzed the Numerical study of blood 􀅫low and heat trans-

fer through stretching cylinder in the presence of a mag-

netic dipole. In their study they found that for extension

of BFD model blood 􀅫low is reduced and temperature en-

hanced rather than the formulation of MHD or FHD. Fer-

dows et al. [11] also investigated the study of dual solu-

tion in biomagnetic 􀅫luid 􀅫low and heat transfer over a non-

linear stretching/shrinking sheet, by using Lie group trans-

formation method under the in􀅫luence of a magnetic 􀅫ield

generated owing to the presence of amagnetic dipole. They

found that dual solution exists only in the case of a shrinking

sheet. Murtaza et al. [12] investigated the Similarity solu-

tionof nonlinear stretchedbiomagnetic 􀅫lowandheat trans-

fer with singum function and temperature power law ge-

ometries. They concluded that skin friction coef􀅫icient and

rate of heat transfer linearly decreases when the nonlinear

stretching parameter increases.

Furthermore, mathematicalmodel have been developed for

blood 􀅫low and many authors like [13, 14] assumed blood

as a Newtonian 􀅫luid. Eldesoky [13] studied the MHD blood

􀅫low of an unsteady parallel plate in the presence of heat

source. Misra and Sinha [15] studied theMHD 􀅫low of blood

in a capillary with lumen being porous and wall permeable.

Voltairas et al. [16] and Ruuge et al. [17] investigated the

behavior of a blood 􀅫lowwhen exposed tomagnetic 􀅫ield has

its applications in the development of magnetic devices for

cell separation, targeted transport of drugs using magnetic

particles as drug carries.

It is known that the physical properties of the 􀅫luid may

change signi􀅫icantly with the temperature, especially for

􀅫luid viscosity. The temperature leads to the increase in

the transport phenomena by reducing the viscosity across

the momentum boundary layer and due to which the heat

transfer rate at the wall is also affected. Therefore, to pre-

dict the 􀅫low and heat transfer rates it is necessary to take

into account the temperature viscosity of the 􀅫luid. Salem

[18] investigated variable viscosity and thermal conductiv-

ity effects on MHD 􀅫low and heat transfer in viscoelastic

􀅫luid over a stretching sheet. Malik et al. [19] demonstrated

the variable viscosity of Eyring-Powell 􀅫luid over a stretch-

ing cylinder. They used two models Reynold’s and Vogel’s

to deliberate the variable viscosity of the 􀅫luid. Singh et

al. [20] studied the variable viscosity of Maxwell 􀅫luid with

variable thermal conductivity over an exponential stretch-

ing sheet. They analyzed that the velocity of the 􀅫luid de-

creases with increase in variable viscosity parameter as re-

lated to constant 􀅫luid viscosity parameter. Alinejad et al.

[21] discussed the two dimensional 􀅫low of a viscous 􀅫luid

over a non-linear stretching sheet. They found that for

small prandtl number the velocity boundary layer is min-

imum than the thermal boundary layer whereas for large

prandtl number the temperature increases negative value

after reaching zero.

A. Purpose of Research

The main purpose of the present study is the biomagnetic

􀅫luid 􀅫low and heat transfer over a nonlinear stretching

sheet within the in􀅫luence of an applied magnetic 􀅫ield gen-

erated by a magnetic dipole. The 􀅫luid viscosity is assumed

to vary linearly with the temperature. It is hoped that the

present study provides some insight of a basic biomagnetic

􀅫luid 􀅫low con􀅫iguration for a particularly predicted range of

the parameters and this analysiswill be used in bio-medical

and bio-engineering sciences.

II. MODEL ANALYSIS

A steady two dimensional 􀅫low of an laminar, incompress-

ible, viscous and electrically non conducting 􀅫luids past a

nonlinear stretching sheet. The 􀅫low is caused by the ac-

tion of two equal and opposite forces along the horizontal

directionwhich is taken as thex -axis, and the directionnor-

mal to the 􀅫low as the Y -axis. The sheet is stretched is a

velocity u = cx, which is proportional to the distance of

the origin. A magnetic dipole generated a magnetic 􀅫ield of

strength which is located below the sheet at a distance d.

The temperature of the sheet Tw is kept 􀅫ixed and T∞ is far

away from the sheet, whereas Tw < T∞.
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Fig. 1. Physical model and co-ordinate system of the problem

The equations governing the problem are given by:
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With appropriate boundary conditions:

u = cx, v = 0, T = Tv at y = 0

u → 0, T → T∞ as y → ∞

}
(4)

Where u and v are the velocity components alongX and Y

directions respectively, ρ is the 􀅫luid density, µ the dynamic

viscosity, ϑ = µ
ρ the kinematic viscosity, κ thermal conduc-

tivity of 􀅫luid. T and T∞ are 􀅫luid temperature within the

boundary layer and 􀅫luid temperature in the free stream ·cp
is the speci􀅫ic at constant pressure, q, is the radiative heat

􀅫lux, M the magnetization, H the magnetic 􀅫ield of the 􀅫luid,

µ0 the magnetic permeability, Tw is the temperature of the

surface, c is a constant.

The term µ0M
∂H
∂x in Equation (2) denote the component of

magnetic force per unit volume and depend on the presence

ofmagnetic gradient. When themagnetic gradient is absent

this forcewill vanish. The second term, on the left hand side

of the thermal energy Equation (3) accounts for heating due

to adiabatic magnetization. We consider that the compo-

nentsHx andHy of the magnetic 􀅫ieldH = (Hx,Hy) , due

to a magnetic dipole, are given by [22].

Hx(x, y) = −∂V

∂x
=

γ

2π

x2 − (y + d)2

[x2 − (y + d)2]
2

Hy(x, y) = −∂V

∂y
=

γ

2π

2x(y + d)

[x2 + (y + d)2]
2

Where,

V =
α

2π

x

x2 + (y + d)2

is a scalar potential of the magnetic dipole, γ = α and α is a

dimensionless distance de􀅫ined as

α =

√
c

ϑ∞
d

Thus the magnetic ‖−→H ‖ = H

of the magnetic 􀅫ield intensity, is given by

H(x, y) =
[
H2
x + H2

y

] 1
2 =

γ

2π

[
1

(y + d)2
− x2

(y + d)4

]
and the gradients given by,

∂H
∂x = γ

2π
−2x

(y+d)4

∂H
∂y = γ

2π

[
−2

(y+d)3 + 4x2

(y+d)5

]
When the applied magnetic 􀅫ieldH is suf􀅫iciently strong to

saturate the biomagnetic 􀅫luid, the magnetization M is gen-

erally, determined by the 􀅫luid temperature. Anderson and

Valnes [6] considered that the variation of magnetization

M with temperature T can be approximated, by the linear

equation, M = K (T− T∞) , where K is a constant. Lai and

Kulacki [23] has assumed the 􀅫luid viscosity is an inverse

linear function of temperature.

1

µ
=

1

µ∞
[1 + γ (T− T∞)] (5)
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Or,
1

µ
= a ( T− Tr) (6)

Here

a =
γ

µ∞
, Tr = Tm − 1

γ
, µ∞ = ρϑ∞ (7)

γ is constant, µ∞ is the dynamic viscosity at in􀅫inity, ϑ∞ is

the kinematic viscosity at in􀅫inity, Tr is the reference tem-

perature, T∞ is the temperature at in􀅫inity, a is constant

which in general is positive for liquids and negative for

gases.

In the case of an optically thin gray 􀅫luid the local radiant

absorption is expressed as [24, 25, 26],

−∂qr
∂x

= 4a∗σ∗ (T 4
∞ − T 4

)
(8)

Where, a " is the absorption coef􀅫icient and σ is the Stefan-

Boltzman constant. We assume that the temperature differ-

enceswithin the 􀅫loware suf􀅫iciently small such thatT 4may

be expressed as a linear function of the temperature. This

is accomplished by expanding in a Taylor series about and

Tneglecting higher-order terms, thus.

T 4 ∼= 4T 3
∞ T− 3T 4

∞ (9)

Equation (8) through (9) takes the form:

−∂qr
∂x

= 16a∗σ∗T 3
∞ (T∞ − T) (10)

Inmathematic analysis, the following nondimensional vari-

ables are introduced,

u = cxf ′(η), v = −
√
cν∞f(η), η(y) =

√
c

vm
y, θ(η) =

T− T∞

Tw − Tω
(11)

Where, η is the dimensionless similarity variable and Prime

denotes the differentiation with respect to η.

Using the similarity variable and dimensionless tempera-

ture, the governing equations reduced to the following or-

dinary differential equations:

f ′′ − θ

θ − θr
f ′′ − θ − θr

θr
ff ′ +

θ − θr
θr

f ′2 +
θ − θr
θr

2βθ

(η + α)4
= 0 (12)

θ′′ + Prf θ′ − 2βλ(ε+ θ)
1

(η + α)3
f − Sθ = 0 (13)

The transformed dimensionless boundary conditions are:

f ′ = 1, f = 0, θ = 1, at η = 0

f ′ → 0, θ → 0, as η → ∞

}
(14)

The sevenparameters,which appears explicitly in the trans-

formed problem, are the prandtl number Pr, viscous dissi-

pation parameter λ, the dimensionless Curie temperature

ε, the ferromagnetic interaction parameter β, radiation pa-

rameter S, viscosity variation parameter θr and the dimen-

sionless distance α from the origin to the centre of themag-

netic pole, de􀅫ined respectively as:

Pr =
µ∞Cp

κ , λ = cµ2

ρκ(Tw−T∞) , ε =
T∞

Tw−T∞
, β = γ

2π
µ◦K(Tw−T∞)ρ

µ2
∞

, S = 16a∗σ∗ T3,ϑ∞
kc

θr = Tr−T∞
Tw−T∞

, α =
√

c
ϑ∞

d

The local skin friction co-ef􀅫icientCf , which is a dimension-

less form of the shear stress τw at the sheet is given by,

Cf =
τy

ρ∞U2
v
= − θr

θ−θr
Re

−1
2 f ′(0)

where, τv = µ
(

∂u
∂y

)
y−0

(15)

The local heat 􀅫lux as the local Nusselt number as follows:

Nu = xqv
k(Iw−T∞) = −Re

1
2θ

where, qv = −k
(

∂T
∂y

)
y−0

(16)

III. RESULTS AND DISCUSSION

The systemof Equations (12) and (13) subject to the bound-

ary conditions (14) has been solved by using bvp4c function

technique in MATLAB software.

The effect of different physical parameters such as prandtl

number, ferromagnetic interaction parameter, radiation pa-

rameter, viscosity variation parameter on velocity and tem-

perature distributions, as well as skin friction co-ef􀅫icient

and the rate of heat transfer co-ef􀅫icient are illustrated

through the graph.

The accuracy of the numerical scheme is justi􀅫iedwith those

tabulated by Ioan Pop [27] for the values of Pr = 10 while

viscosity parameter θ, ranging from -10 to10and the results

are in very good agreement.
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TABLE 1

VALUES OF−F ′′(0) AND−θ(0) FOR PR = 10

θr Present Results Ioan Pop [27]

−f ′′(0) −θ′(0) f ′′(0) θ′(0)

-10 -.506411 -1.671852 -.5067231 -1.6815592

-8 -.515606 -1.670456 -.5157982 -1.6731001

-6 -.530751 -1.668148 -.5310019 -1.6706682

-4 -.560385 -1.663601 -.5607505 -1.6658760

-2 -.644386 -1.650402 -.6450530 -1.6520581

-1 -.793261 -1.626345 -.7955242 -1.6330620

2 -.258093 -1.708198 -.2570983 -1.7128251

4 -.368489 -1.692353 -.3680423 -1.696152

6 -.402973 -1.687303 -.4026855 -1.6908461

8 -.419812 -1.684819 -.4196006 -1.6882310

10 -.429791 -1.683341 -.4296234 -1.6866740

The values of governing parameters are chosen to be phys-

ically representative of the actual blood 􀅫luids. In 􀅫igures 2

to 30, the following data are utilize:

1. Ferromagnetic interaction parameter β = 0, 1, 5, 10 as in

[8, 28, 29, 30]. Noted that β = 0 corresponds to hydrody-

namic 􀅫low.

2. Values of dimensionless distance α = 1 as in [28].

3. Viscosity variation parameter.

θr = −.6,−.4,−.2 as in [31].

4. Prandt number Pr = 21, 23, 25 as in [11].

5. Radiation parameter S = 1, 2, 3 as in [6].

As the 􀅫luid is blood, we consider a human body temper-

ature Tn = 37◦c, where as the body curie temperature

is T∞ = 410c according to Loukopoulos and Tzizrtzi-

lakis [32]. For these values of temperature, the dimen-

sionless temperature is ε = 78.5 and viscous dissipation

parameter λ = 6.4 × 10−14. Also we assume that ρ =

1050kgm−3, µ = 3.2 × 10−3 kg m−3 s−3, according to Tz-

izrtzilakis [22] The speci􀅫ic heat under a constant pressure

cp and thermal conductivity κ of any 􀅫luid are temperature

dependent. For the temperature range, consider this prob-

lemCp = 14.65j kg−1k−1, κ = 2.2×10−3j(msk)−1 accord-

ing to Tzizrtzilakis and Xenos [33] and hence Pr = 21

Figure 2 and Figure 3 show that the effect of ferromagnetic

parameter on velocity and temperature pro􀅫iles. It can be

observed that velocity of the 􀅫luid decreases with an in-

crease of magnetic number, where as temperature distribu-

tion increases in this case. The main fact is that the ferro-

magnetic number is directly related to Kelvin force, which

is also known as drug force.

Figure 4 and Figure 5 depict the effect of Prandtl number

on velocity and temperature pro􀅫iles. It can be seen from

these 􀅫igures that have more pronounced effect on the tem-

perature pro􀅫iles rather that on velocity. This is readily to

be understood since is the ratio of momentum diffusivity to

thermal diffusivity in the convection boundary layer region.

Figure 6 and 7 indicate that with increase in the values θr ,

the velocity decreases and enhances the temperature pro-

􀅫ile. This is because the increase θr results in an increase

in the themal boundary layer thickness, which results in a

decrease in the velocity and increase in the temperature.

Fig. 2. Velocity Pro􀅫ile for f ′(η) for various values of β
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Fig. 3. Temperature Pro􀅫ile for θ(η) for vanious values of β

Fig. 4. Velocity pro􀅫ile for f ′(η) for various values of Pr

Fig. 5. Temperature pro􀅫ile for θ(η) for vanious values of Pr
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Fig. 6. Velocity pro􀅫ile for f ′(η) for various values of θr

Fig. 7. Temperature pro􀅫ile for θ(η) for various values of θr

Figure 8 and 9 shows that the effect of radiation parame-

ter on velocity and temperature pro􀅫iles. The presence and

increase of thermal radiation parameter augment the tem-

perature values in the thermal boundary layer. According

to the de􀅫inition of radiation parameter, increase of , implies

decrement of absorption coef􀅫icient. So that, the rate of en-

ergy transport to the 􀅫luid and the values of temperature

distribution increases.

Fig. 8. Velocity pro􀅫ile for f ′(η) for various values of S
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Fig. 9. Temperature pro􀅫ile for θ(η) for various values of S

Figures 10 to 31 demonstrate the variation of the skin fric-

tion coef􀅫icient f ′′(0) and rate of heat transfer θ′(0)with the

ferromagnetic parameter, viscosity parameter, radiationpa-

rameter and Prandt number. Figures 10, 11 display the ef-

fect of θr on f ′′(0) and θ′(0). According to the 􀅫igures f ′′(0)

decreases with increasing values of θ, whereas θ′ (0) in-

creases.

Fig. 10. Skin friction coef􀅫icient −f ′′(0) with β for different

values of θr

Fig. 11. Local nusselt number−θ′(0)withβ for different val-

ues of θr
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Figures 12, 13 depict the rate of heat transfer θ′(0)with re-

spect to the β for different values of the Pr and S.It is ob-

served that the rate of heat transfer θ′(0) decreases in both

cases.

Fig. 12. Local nusselt number−θ′(0)withβ for different val-

ues of P r

Fig. 13. Local nusselt number−θ′(0)withβ for different val-

ues of S

Figures 14- 19display the effect of different values ofβ, S, θ,

on f ′′(0) and θ′(0) regard to Pr According to the 􀅫igures

f ′′(0) decrease with increasing value of β, θr whereas θ′(0)

increases. It is noted the effect of S on both f ′′(0) and θ′(0)

are decrease with increasing value of S.

Fig. 14. Skin friction coef􀅫icient−f ′′(0)with Pr for different

values of β

Fig. 15. Local nusselt number −θ′(0) with Pr for different

values of β

Fig. 16. Skin friction coef􀅫icient −f ′′(0) with Pr for

different values of S
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Figures 20-24 display the effect of different values of

β,Pr, θ, on f ′′(0) and θ′(0) regards to S. It is observed that

f ′′(0) decreases with the increment of β, θr . whereas θ′(0)

increases. It is also noted that both f ′′(0) and θ′(0) de-

creases for the increment of Pr.

Fig. 17. Local nusselt number−θ′(0) with Pr for

different values of S

Fig. 18. Skin friction coef􀅫icient −f ′′(0) with Pr

for different values of θr

Fig. 19. Local nusselt number−θ′(0)with Pr for

different values of θr

Fig. 20. Skin friction coef􀅫icient −f ′′(0) with S

for different values of β

Fig. 21. Local nusselt number −θ′(0) with S for

different values of β
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Fig. 22. Skin friction coef􀅫icient −f ′′(0) with S for

different values of Pr

Fig. 23. Local nusselt number −θ′(0) with S for dif-

ferent values of Pr

Fig. 24. Skin friction coef􀅫icient −f ′′(0) with S for

different values of θr

Figures 26-31 depict the f ′′(0) and θ′(0) with respect to

θ, for different values of Pr, β, S According to the 􀅫igures

f ′′(0) decreaseswith increasing value of βwhereas θ′(0) in-

creases. It is clearly noted that both f ′′(0) and θ′(0) are de-

creases with increasing values of Pr and S.

Fig. 25. Local nusselt number −θ′(0) with S

for different values of θr

Fig. 26. Skin friction coef􀅫icient −f ′′(0) with

θr for different values of β

Fig. 27. Local nusselt number−θ′(0)with θr

for different values of β

Fig. 28. Skin friction coef􀅫icient −f ′′(0) with θr

for different values of Pr
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Fig. 29. Local nusselt number−θ′(0)with θr

for different values of P r

Fig. 30. Skin friction coef􀅫icient −f ′′(0) with θr

for different values of S

Fig. 31. Local nusselt number −θ′(0) with θr for

different values of S

IV. CONCLUSION

This research investigated the characteristics of biomag-

netic 􀅫luid specially for blood over a non linear stretching

sheet and heat transfer from the sheet to the 􀅫luid: also the

effects of the presence and intensity of ferromagnetic, ra-

diation, variable viscosity and Prandtl number are consid-

ered. To obtain more exact solution, viscosity are supposed

temperature dependent. From thepresent investigation the

following conclusions were made:

• The velocity pro􀅫ile decreases with increasing values of

ferromagnetic interaction parameter and variable viscos-

ity parameter whereas temperature pro􀅫ile increases in all

cases.

• The velocity pro􀅫ile increases with increasing values of

Prandtl number and radiation parameter whereas temper-

ature pro􀅫ile decreases in all cases.

• Skin friction coef􀅫icient decreases due to ferromagnetic

interaction parameter and variable viscosity parameter

whereas the rate of heat transfer increased in all cases.

• Both Skin friction coef􀅫icient and the rate of heat transfer

decreases for radiation parameter and Prandtl number.

V. LIMITATIONS AND FUTURE RESEARCH

DIRECTIONS

This study has some shortcomings for instance, this work

has considered the biomagnetic 􀅫luid model and has been

restricted to viscous and electrically nonconducting 􀅫luids

and magnetic 􀅫ield in the absence of electrical conductivity

of the 􀅫luids.

On the other hand, this study has enormous applications,

to commence with, these investigations provide valuable

information for biomedical sector to seek the understand-

ing the 􀅫low of blood. Moreover, the outcomes of this

study can be useful for many biomedical applications as

such using magnetic nanoparticles in drug delivery and

drug targeting. This study will extended with three dimen-

sional blood 􀅫lows pattern through channel􀅫low in horizon-

tal cylinder, cylindrical geometry with signi􀅫icant narrow-

ing (mimickingstenosis) and cylindrical geometry with sig-

ni􀅫icant swelling (mimicking aneurysm) allowing magneti-

sation and Lorentz forces.
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