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This paper provides an eficient and reliable networked optimal control design of a two-wheeled inverted pen-

dulum system to achieve wide-range system stabilization. Linear quadratic regulator (LQR) theory and its mod-

iied version with exponential term are initially cast into the LMI framework to guarantee stabilization as a self-

balancing robot. Next, an integral action is inserted into the LQR performance index to decrease the error sub-

stantially. Finally, the event-based policy is applied alongside LQR to decrease communication congestion over the

network. An observer-based control is used; once the states are estimated, an optimal control law is generated to

regulate the torque of themotors. Simulation results demonstrate that the system performance still optimal while

the event-based regime is used.

© 2019 The Author(s). Published by TAF Publishing.

I. INTRODUCTION

Two-wheeled robots have become a popular problem in

control literature and mechanics ield, like inverted pendu-

lum. Because its mobility that is superior to three and four

wheeled automobiles, the importance of balancing TWIP

robots in autonomous robot research is on the rise [1, 2].

The TWIP vehicles can be categorized into non-coaxial and

coaxial [3]. It is called non-coaxial vehicle when the two

wheels are not placed on the same axis. Generally speak-

ing, this kind of vehicles are very common like scooters as

well as bicycles. To control this kind of vehicles, the con-

troller should coordinate the horizontal balancing. On the

contrary, the coaxial vehicles comprises wheels placed on

the same axis, which has become a popular transportation

vehicle everywhere in recent years.

The research about the stability of the TWIP robot is very

active since the past two decades. The TWIP is an inher-

ently unstable nonlinear system [4], which makes it an ap-

propriate system as an experimental device for research in

order to test the advanced control methodologies [5]. A lin-

ear feedback control is used to stabilize the system of in-

verted pendulum when the uncertainty is not considered

[6, 7]. Aswell as, feedback linearization controllers perform

well when the angle of the pendulum is small [8]. In order

to include the uncertainty, one can apply adaptive control

[9, 10], observer method for disturbance rejection [11], or

sliding mode control methodology [12].

The Two-Wheeled Cehicle (CTWEV) is belonging to the

coaxial type of vehicles. Figure 1 illustrates the wheels con-

iguration of the vehicle. Early results on balancing two-

coaxial-wheeled robot was reported in [13]. The research

presented in [14], motivated a lot of today’s research as

can be shown in the subsequent studies [15, 16, 17, 18].

The CTWEV is used in many applications, such as trans-

portation, entertainment, security, and military affairs. The

CTWEV is inherently unstable dynamical system that looks

like an inverted mobile pendulum. However, its dynamics

aremuchmore sophisticated than its conventional counter-

parts of the inverted pendulum are.

The TWIP is of a kind ofmobile robots, which itsmotion and

balancing upward is implemented using many techniques

such as linear feedback, exact feedback linearization, ro-
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bust control, and Lyapunov control [8, 19, 20, 21, 22]. Re-

searches [23] focus on the automobile vehicle system and

demonstrate the viability of their construction. Many of the

strategies used to stabilize the TWEV obtained from the full

information control setup.

In recent studies, gyroscopes are very important because

the measurements of angular velocity and acceleration is

crucial to perform control methods using full information

analysis. Despite of the fact that full information approach

stabilizes the internal modes of the plant using constant

feedback control, it requires a bunch of sensors, which in-

creases the cost tremendously. For instance, the system of

Segway requires ive gyroscopes for velocity and two incli-

nometers for position. Since the two-wheeled vehicle is a

multi-input and multi-output system, the construction of

full state control inevitably needs an observer base con-

troller if the sensors are neglected.

It should be noted that the acceleration measurements is

not necessary in the observer-based controllers. Because

the expensive cost of inverted two wheeled sensors, the

design of these control systems are not practical solutions

when the cost is considered. These methods are always re-

liable for control, but the cost issues could affect the de-

sign of the controller and increase the complexity. Over the

last decade technological advancements have led to the de-

velopment of low cost sensors/actuators and communica-

tion devices that can be used to control remote plants, re-

lated approaches can be found in [24, 25, 26]. In recent

years, event-triggering policy has established itself as ama-

jor advance technology [27, 28, 29, 30, 31, 32]. It has been

widely implemented in many trends due to its advantages

in decreasing the communication congestion between the

controller and the plant. The development of intelligent

autonomous vehicle and remote-controlledwheeled robots

are noteworthy. In this note, manipulation and control of

the CTWEV using event triggering mechanism will also be

examined.

Fig. 1. The top and side view of vehicle

II. ROBOTMODELING

Figure 1 illustrates the side and top view of the TWIP robot.

The parameters θ and Θ are the pitch angle, and the path

turning angle, restrictively, whereasM,Mw,m, andR are the

robot body mass, the wheel mass, payload mass, and wheel

radius, respectively. The mathematical model if the TWIP

robot is obtainedusing Lagrangianmethod. TheLagrangian

function Lhas the form:

L = T− U

where T is the kinetic energy and U is the potential energy.

T =
1

2
(M + 2Mw) ẋ

2
M +

1

2
m

(
ẋM + θ̇l cos(θ)

)2

= +
1

2
m(−θ̇l sin(θ))2 +

1

2
(Jmθ + Jpθ) θ̇

2

= +
1

2
(2Jw)

(
ẋM

R

)
+

1
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JΘΘ̇

2

= +
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2

[(
2Jw
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)(
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2
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]
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U = −mg(l − l cos(θ))

The Lagrangian equations are:

· d

dt

(
∂L

∂ẋM

)
− ∂L

∂xM
=

Tl

R
+

TR

R

· ddt
(
∂L
∂θ

)
− ∂L

∂θ = 0

· ddt
(
∂L
∂Θ

)
− ∂L

∂Θ = (TL − TR)
HI

R

Where xM , J	, Jmθ, Jpθ, Jw,Hf,, 1, TL, TR are the trajec-

tory of the center cart, whole cartmoment or inertia around

z-axis, mainframemoment of inertia, pendulummoment of

inertia, single wheel moment of inertia, length between the

wheels, left motor torque, and right motor torque, respec-

tively. Then, we can obtain the nonlinear model using the

Lagrangian equations:

θ̈ =

ml cos(θ)
(

τl
µ +

TR
µ +mlθ̇2 sin(θ)

)
M+2Mv+m+ 2Jw

R2

−mgl sin(θ)

m2l2 cos2(θ)

M+2Mw+m+
2JJ
R2

− (ml2 + Jmθ + Jpθ)

ẍM =

TL

R + TR

R +mlθ̇2 sin(θ)− m2l2g sin(θ) cos(θ)
ml2+Jmb+Jpθ

M + 2Mw +m+ 2Jw

R2 − m2+l2 cos(θ2)
m2+Jmθ+Jpθ

Θ̈ =
Hf

JΘ +
(Jw+R2Mw)H2

l

2R2

(
TL

R
− TR

R

)
The linearized model of the cart system at the equilibrium

point is given by:

θ̈ = −mglMe

m2l2−(ml2+Je)Me
θ + ml(TL+TR)

Rm2l2−RMe(ml2Je)

ẍM =
− m2l2g

ml2+Je

Me− m2l2

ml2+Je

θ + (TL+TR)

R
(
Me− m2l2

ml2+Je

)
Θ̈ =

2RHf (TL−TR)

2R2JΘ+(Jw+R2Mw)H2
f

WhereMe = M + 2Mw +m+
2Jx
R2

and Je = Jmθ + Jpθ
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The linearized model is used to describe the dynamic be-

havior at the equilibrium point of the vehicle which can be

written in the standard form:

ẋ = Ax+Bu

y = Cx
(1)

Where A ∈ R6×6, B ∈ R6×2, and C ∈ R3×6. The input

of the system is given by the torque values of the right and

left motors of the TWEV, i.e., u =
[
TL TR

]T
. The states

of the plant is given by x = [x1, x2, x3, x4, x5, x6]
T
, where

x1 = θ, x2 = θ̇, x3 = xM , x4 = ẋM , x5 = Θ, and x6 = Θ̇

Then the matrices of the linearized dynamics are:

A =



0 1 0 0 0 0
−mglMc

m2l2−(ml2+Je)Me
0 0 0 0 0

0 0 0 1 0 0
−m2l2g

Me−ml2+Jc
ml2+Je

0 0 0 0 0

0 0 0 0 0 1

0 0 0 0 0 0



B =



0 0
ml

Rm2l2−RMe(ml2Je)
ml

Rm2l2−RMe(ml2Je)

0 0
1

R
(
Me− m2|2

m2+Je

) 1

R

(
Me−

m2
∣∣∣2

m′+Je

)
0 0

2RHf

2R2JΘ+(Je+R2Mν)H2
j

− 2RHf

2R2JΘ+(Jν+R2Mν)H2
j


In this paper, we apply various control methods to stabilize

the TWEV. An observer-based control is used to control the

plant, which means an observer must be designed. Before

applying the control methods, we have to study some char-

acteristics such as controllability and observability. The

parameters of the system are taken from [13], which are

given by Jmθ = 0.153(Kgm2), Jpθ = 0.125(Kgm2) Mw =

5.44(Kg),M = 15.747(Kg),Hf = 0.44(m),m = 4(Kg), I =

0.53(m), Jw = 0.013(Kgm2), JΘ = 0.576(Kgm2), and

R = 0.1(m) Then the matrices of the state space model 1

are:

A =



0 1 0 0 0 0

16.85 0 0 0 0 0

0 0 0 1 0 0

−1.3418 0 0 0 0 0

0 0 0 0 0 1

0 0 0 0 0 0



B =



0 0

−0.6458 −0.6458

0 0

0.427 0.427

0 0

3.5815 −3.5815


, C =

 1 0 0 0 0 0

0 0 1 0 0 0

0 0 0 0 1 0



The linearized model is unstable and non-minimum phase

system. Moreover, it is completely controllable and observ-

able. This allows us to design the controllers using full state

feedback in terms of observer-based control. The discrete

time model of the linearized two-wheeled system has the

form

xk+1 = Adxk +Buk

yk = Cxk

WhereAd = eΛT ,Bd = JT
0 e

ΛτdτB, andCd = C

(2)

The sampling time Ts = 0.001.Then thematrices in the dis-

crete form is expressed by:

Ad =



1.0008 0.01 0 0 0 0

0.1685 1.0008 0 0 0 0

−0.671 −0.0022 1 0.01 0 0

−134.21 −0.6710 0 1 0 0

0 0 0 0 1 0.01

0 0 0 0 0 1



and

Bd =



0 0

−0.0065 −0.0065

0 0

0.0057 0.0057

0.0002 −0.0002

0.0358 −0.0358


(3)

III. CONTROL DESIGN

With reference to Figure 2, we develop in the sequel an

event-based networked control scheme based on LQR the-

ory.

A. Discrete-Time LQR Control of Two-Wheeled System

In this section, we stabilize the process using LQR. The per-

formance index of the linear quadratic control is expressed

as.
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Fig. 2. Event based network control system

J =

∞∑
k=0

(
xT
kQxk + uT

kRuk

)
(4)

where Q ≥ 0 and R > 0 We need to stabilize the pro-

cess from any initial state x (0) such that the cost is mini-

mum. Enormous research has been done on the LQR prob-

lem. Fortunately, the optimal control law generated by

static feedback gain with this form:

uk = Kxk

In what follows, we use an LMI-formulation to the LQR

problemof dynamics (2)whileminimizing the performance

index (4). Ourmethodology is to determine a linear optimal

static-feedback control uk = Kxk that achieves this goal.

1) Assumption 1 : Assume that there exist a positive de-

inite function V (xk) = xkPxk such that there exists γ∗ ∈
R+ that satisies xT

0 Px0 ≤ γ∗.

2) Remark 1 : The upper bound γ∗ used to minimize the

performance cost, i.e., we proceed tominimize γ∗
instead of

directly minimizing xT
0 Px0 .

3) Theorem 1 : Given positive deinitematricesR > 0 and

Q > 0. The control law

uk = Kxk

asymptotically stabilizes the discrete time system (2) with

a guaranteed cost Joo ≤ γ∗ if there exist matricesX > 0, Z

such that the following LMI optimization problem is feasi-

ble,

min γ


−X (AX +BZ)T ZT X
• −X 0 0

• • −R−1 0

• • • −Q−1

 ≤ 0 (5)

[
γ∗ xT

0

x0 X

]
≥ 0 (6)

Moreover, the controller gain is given byK = ZX−1.

4) Proof 1 : Using Schur complement, it is straightforward

to show that inequality (6) implies that

V (x0) = xT
0 Px0 ≤ γ∗ (7)

Pre-and post-multiply (22) by diag{P, I, I, I}, and using

X = P−1,Z = KP−1, it follows that (22) is equivalent to
−P (A+BK)T KT I

• −P−1 0 0

• • −R−1 0

• • • −Q−1

 ≤ 0 (8)

Additionally, using Sure complement, inequality (8) can be

expressed as

−P +ΘTΠ−1Θ ≤ 0 (9)

Where

Θ =
[
(A+BK)T KT I

]
(10)

Π =

 −P−1 0 0

• −R−1 0

• • −Q−1

 (11)

Multiplying both sides of equation (9)by xk gives

xT
k

[
(A+BK)TP (A+BK)− P ]xk ≤

− xT
k

[
Q+KTRK

]
xk

(12)

Alongside the dynamics of the system (2), substituting uk =

kxk and the Lyapunov function in Assumption (1) gives

∆V (x) = V (xk+1)− V (xk) ≤ −
(
xT
kQxk + uT

kRuk

)
(13)

the right hand side of (13) is negative deinite since Q > 0

which implies that the the discrete time system is asymp-

totically stable, i.e., xk → o. Take the ininite sum to both

sides of Equations (13) gives

lim
N→∞

N∑
0

[V (xk+1)− V (xk)]

= lim
N→∞

[V (xN+1)− V (x0)]

=0− V (x0)

≤− lim
N→∞

N∑
0

(
xT
kQxk + uT

kRuk

)
=− J∞

(14)
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Then using Equations (7) and (14)

J∞ ≤ V (x0) ≤ γ?

This completes the proof.

B. Modiied LQR with Integral Action

The performance index can bemodiied by including the in-

tegral action of the output. Deine the integral action on the

outputs as a new variable:

zk =

k−1∑
n

yi (15)

The proportional-integral control law becomes.

uk =
[
Kp KI

] [ xk

zk

]
(16)

Then the variable zk can be added in its quadratic form to

the performance index. For positive deinite matrices R >

0, S > 0, and Q > 0, the modiied performance index is

given by

J =

∞∑
k=0

(
xT
kQxk + uT

kRuk + zTk Szk
)

(17)

To solve this problem, we use the augmented vector

ξk =
[
xk zk

]
Which creates a new state space model of the form:

ξk+1 = Aξk +Buk (18)

yk = C̄εk (19)

Where

Ā =

[
A 0

C I

]
B̄ =

[
B

0

]
C̄ =

[
C 0

]
Then the performance index (17) can be written as

J =

∞∑
k=0

(
ξTk Q̄ξk + uT

kRuk

)
(20)

Where

Q̄ =

[
Q 0

0 S

]
(21)

Following the same argument in (1) yields the following

corollary, which is used to obtain the proportional integral

action.

1) Corollary 1 : Given positive deinite matrices R > 0 and

Q > 0. The control law

uk = Kpxk +KIzk

asymptotically stabilizes the discrete time system (2) with

a guaranteed cost

J∞ ≤ γ∗

if there exist matrices X > 0, Z, such that the following LMI

optimization problem is feasible,

min γ


−X (ĀX + B̄Z)T ZT X
• −X 0 0

• • −R−1 0

• • • −Q−1

 ≤ 0

(22) [
γ∗ ξT0
ξ0 X

]
≥ 0 (23)

The controller gain is given by
[
Kp KI

]
= ZX−1

IV. EVENT-BASED CONTROL

Consider the discrete time system of the form

x(k + 1) = Ax(k) +Bu(k) (24)

The system is assumed stabilizable by constant state feed-

back

uk = Kxk

However, the input of the plant with event trigger strategy

is

u(k) = Kx̂(k)

Where x̂(k) is the last transmitted signal. Let the error be-

tween the last transmitted signal and the actual one be

e(k) = x(k)− x̂(k)

Then the received control law becomes

u(k) = Kx(k) +Ke(k)

The system described in Equation (24) becomes

x(k + 1) = (A+BK)x(k) +BKe(k) (25)

The system has the Input to State Stable (ISS) property if

there exist a positive deinite function and class K∞ func-

tions

α1(‖x‖), α2(‖x‖), α(‖x‖) and γ(‖e‖)

Such that the following conditions are satisied

α1(‖x‖) ≤ V (x) ≤ α2(‖x‖) (26)

V (x(k + 1))− V (x(k) ≤ −α(‖x‖) + γ(‖e‖) (27)
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2) Theorem 2: [18] The system considered in (25) is

asymptotically stable using the event-triggered rule:

γ(‖e‖) ≤ σα(‖x‖)

0 < σ ≤ 1

To use Theorem 2 in our case, we use the discrete Lyapunov

function V (x) = x>(k)Px(k), where P = X−1, and using

simple calculation of the difference of Lyapunov function,

Equation (27) becomes

xT (k)[(A+ BK)TP (A+BK)− P
]
x(k)

+ e(k)
[
KTBTPBK

]
e(k)

+ 2xT (k)[(A+BK)PBK]e(k)

≤ −α(‖x‖) + γ(‖e‖)

(28)

Then, we can choose the following classK00 functions:

α(‖x‖) = xT (k)Sx(k)
γ(‖e‖) = e(k)TWe(k)T

Where S and W are positive deinite matrices. Plugging

α(‖x‖) and γ(‖e‖) into Equation (28) gives[
x(k)T e(k)T

] [ Ω11 Ω12

· Ω22

][
x(k)T

e(k)T

]
≤ 0 (29)

Where

Ω11 = (A+BK)TP (A+BK)− P + σS

Ω12 = (A+BK)TPBK

Ω22 = KTBTPBK −W

The formula of triggering can be written as

‖e‖ ≤ µ‖x‖ (30)

Where µ = σλmax(S)/λmin(W ) Equation (29) comprises a

linear matrix inequality since the S andW are the only vari-

ables.

V. SIMULATION RESULTS

In this section, we demonstrate the simulation results ob-

tained by applying Theorem 1 and its corresponding Corol-

lary 1. Figure 3 shows the response of the output of the

two-wheeled vehicle which stabilized according to the LQR

method without the integration term.

Fig. 3. The output response of the LQR control

On the other hand, Figure 4 demonstrate the response of

the model when the integral action is considered. We see

that the integral action forces the response to converge to

the equilibrium point in a short time.

Fig. 4. The integral action response

The event triggering rule in (30) is obtained as illustrate in

the note. Using event-triggering mechanism, the response

of the two-wheeled vehicle is still a stable systemwith some

degradation of output performance as can be seen in Fig-

ure 5.

Fig. 5. Event based control

VI. CONCLUSION

This paper has examined optimal control schemes based

on LQR applied for a two wheeled-inverted pendulum. The

plant in this note is inherently unstable and multi-input

multi-output system. Standard LQR and its modiied ver-

sion using an integral action are utilized to stabilize the

plant. Moreover, event-triggering rule is used to decrease

the total number of transmissions when the vehicle is to be

controlled remotely. Finally, simulation results are used to

evaluate the effectiveness and feasibility of our strategies.
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